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In a Borel subalgebra U(B) of the sl2 loop algebra, we introduce a highest weight
vector Ψ. We call such a representation of U(B) that is generated by Ψ high-
est weight. We define a generalization of the Drinfeld polynomial for a finite-
dimensional highest weight representation of U(B). We show that every finite-
dimensional highest weight representation of the Borel subalgebra is irreducible if
the evaluation parameters are distinct. We also discuss the necessary and suffi-
cient conditions for a finite-dimensional highest weight representation of U(B) to
be irreducible.
1. Introduction
In the classical analogue of the Drinfeld realization of the quantum sl2 loop
algebra, Uq(L(sl2)), the Drinfeld generators, x¯
±
k and h¯k for k ∈ Z, satisfy
the following defining relations1,2,9:
[h¯j , x¯
±
k ] = ±2x¯
±
j+k , [x¯
+
j , x¯
−
k ] = h¯j+k ,
[h¯j , h¯k] = 0 , [x¯
±
j , x¯
±
k ] = 0 , for j, k ∈ Z. (1.1)
In a representation of U(L(sl2)), a vector Ω is called a highest weight vector
if Ω is annihilated by generators x¯+k for all integers k and such that Ω is a
simultaneous eigenvector of every generator of the Cartan subalgebra, h¯k
(k ∈ Z) 1,2. We call a representation of U(L(sl2)) highest weight if it is
generated by a highest weight vector. For a finite-dimensional irreducible
representation we associate a unique polynomial through the highest weight
d¯±k . It is shown that any given irreducible highest weight representation is
finite-dimensional if and only if it has the Drinfeld polynomial 1.
Recently it was shown that the XXZ spin chain at roots of unity has the
sl2 loop algebra symmetry
5,7,10,11,12. Fabricius and McCoy has conjectured
1
September 11, 2018 9:45 Proceedings Trim Size: 9in x 6in Deguchi-DGMTP05-resub-cr
2
12 that every Bethe ansatz eigenstate should be highest weight of the sl2
loop algebra, and also that the Drinfeld polynomial can be derived from
the Bethe state. It is explicitly shown that regular XXZ Bethe states in
some sectors are indeed highest weight 5. However, it is still nontrivial
how to connect the highest weight vector with the Drinfeld polynomial. In
fact, the Drinfeld polynomial is defined for an irreducible representation not
for a highest weight vector 1. Furthermore, there exist finite-dimensional
highest weight representations that are reducible and indecomposable. It
has been shown that a given highest weight representation is irreducible if
the evaluation parameters are distinct 3,6. Here, we shall define evaluation
parameters in §3. Thanks to the theorem, we solve the connection problem
at least for the case of distinct evaluation parameters.
In this paper, we discuss a generalization of the theorem to the case
of a highest weight representation of a Borel subalgebra of U(L(sl2)). The
generalization should play a key role in the study of the spectral degeneracy
of the XXZ spin chain under twisted boundary conditions 4,14,8. Let us
consider the subalgebra generated by generators h0, x
+
0 and x
−
1 satisfying
the relations (1.1). We call it a Borel subalgebra of U(L(sl2)), and denote
it by U(B). It has the following generators:
hk , x
+
k for k ∈ Z≥0 , x
−
k for k ∈ Z>0. (1.2)
We define a highest weight vector of the Borel subalgebra U(B) by such a
vector Ψ that satisfies the following relations:
x+k Ψ = 0 , hkΨ = dkΨ , for k ∈ Z≥0 . (1.3)
We call the representation of U(B) generated by Ψ highest weight and the
set {dk} the highest weight. Here we note that d0 is not necessarily an
integer, since x+−1 does not exist in U(B). In §2 of the present paper, we
derive a useful recursive relation of x−k Ψ for k ∈ Z>0. In §3 we introduce
a generalization of the Drinfeld polynomial for a finite-dimensional highest
weight representation of the Borel subalgebra U(B). In §4 we show that
every highest weight representation of the Borel subalgebra with distinct
and nonzero evaluation parameters is irreducible.
Throughout the paper, we denote by Ψ a highest weight vector of the
Borel subalgebra U(B) with highest weight dk and by VB the representation
generated by it, i.e. VB = U(B)Ψ. We also assume that VB is finite-
dimensional.
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2. Sectors of VB and nilpotency
Lemma 2.1. Let us define the sector of h0 = d0− 2n in VB for an integer
n ≥ 0 by the subspace consisting of vectors vn ∈ VB such that h0 vn =
(d0 − 2n) vn. Here we recall h0Ψ = d0Ψ. Then, VB is given by the direct
sum of such sectors. Any vector vn in the sector of h0 = d0−2n is expressed
as a linear combination of monomial vectors x−j1 · · ·x
−
jn
Ψ.
Proof. It is clear from the PBW theorem 13.
We note that generator x−1 is nilpotent in any VB.
Definition 2.1. We say that generator x−1 is nilpotent of degree r in VB ,
if (x−1 )
r+1Ψ = 0, while (x−1 )
jΨ 6= 0 for 0 < j ≤ r.
The degree r of nilpotency for generator x−1 gives the largest n for non-
vanishing sectors of h0 = d0 − 2n, as shown in the next proposition.
Proposition 2.1. If generator x−1 is nilpotent of degree r, then the sector
of h = d0 − 2r is one-dimensional: every monomial vector in the sector is
proportional to (x−1 )
rΨ with some constant Ck1,...,kr :
x−k1 · · ·x
−
kr
Ψ = Ck1,...,kr (x
−
1 )
rΨ , for k1, . . . , kr ∈ Z>0 . (2.1)
Furthermore, sectors of h = d0− 2n for n > r are of zero-dimensional. For
instance, we have x−k1 · · ·x
−
kr+1
Ψ = 0 for k1, · · · , kr+1 ∈ Z>0 .
Proof. Setting m = r in lemma 2.3, we have eq. (2.1). For the case of
n > r we show it from lemma 2.3 where we set m = n.
Let B+ be such a subalgebra of U(B) that is generated by x
+
k for k ∈
Z>0. We define (X)
(n) by Xn = Xn/n!.
Lemma 2.2. Let m and t be integers satisfying 0 ≤ t ≤ m + 1. In the
Borel subalgebra U(B), for k1, . . . , kt, n ∈ Z>0, and ℓ ∈ Z≥0, we have
x+ℓ (x
−
n )
(m+1−t)x−k1 · · ·x
−
kt
= −x−ℓ+2n(x
−
n )
(m−t−1)x−k1 · · ·x
−
kt
+ (x−n )
(m−t)x−k1 · · ·x
−
kt
hℓ+n
+
t∑
j=1
(x−n )
(m+1−t)
t∏
i=1,i6=j
x−ki · hℓ+kj + (−2)
t∑
j=1
(x−n )
(m−t)x−ℓ+n+kj
t∏
i=1;i6=j
x−ki
+(−2)
∑
1≤j1<j2≤t
(x−n )
(m+1−t)x−ℓ+kj1+kj2
t∏
i=1;i6=j1,j2
x−ki modU(B)B+ (2.2)
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Lemma 2.3. Suppose that x−1 is nilpotent of degree r in VB , and m be an
integer with m ≥ r. Let us take a positive integer p satisfying p ≤ m. We
have
(x−1 )
m−px−k1 · · ·x
−
kp
Ψ = A
(r)
k1,··· ,kp
(x−1 )
mΨ , (2.3)
for any set of positive integers k1, . . . , kp.
Proof. We prove (2.3) by induction on p by making use of eq. (2.2).
Lemma 2.4. The following recursive formulas on n hold for n > 0:
(An): (x
+
0 )
(n−1)(x−1 )
(n) =
∑n
j=1(−1)
j−1x−j (x
+
0 )
(n−j)(x−1 )
(n−j) mod
U(B)B+.
(Bn): n (x
+
0 )
(n)(x−1 )
(n) =
∑n
j=1(−1)
j−1hj(x
+
0 )
(n−j)(x−1 )
(n−j) mod
U(B)B+ .
(Cn): [h1, (x
+
0 )
(m)(x−1 )
(m)] = 0 mod U(B)B+ for m ≤ n.
Making use of (Bn) of lemma 2.4 inductively, we show that Ψ is a
simultaneous eigenvector of operators (x+0 )
(n)(x−1 )
(n) for n > 0. For a given
positive integer k, we denote by λk the eigenvalue: (x
+
0 )
(k)(x−1 )
(k)Ψ = λkΨ.
Lemma 2.5. If x−1 is nilpotent of degree r in VB, we have
x−r+1Ψ =
r∑
j=1
(−1)r−jλr+1−jx
−
j Ψ . (2.4)
Moreover, it leads to the following:
x−r+1+pΨ =
r∑
j=1
(−1)r−jλr+1+p−jx
−
j+pΨ , for p ∈ Z≥0. (2.5)
Proof. Relation (2.4) is derived from (Ar+1) of lemma 2.4. Making use of
x−r+1+n = (−2)
−1[hn, x
−
r+1] and (2.4), we derive (2.5).
Proposition 2.2. Suppose that x−1 is nilpotent of degree r in VB . In the
sector of h0 = d0 − 2n with 0 ≤ n ≤ r, every vector is expressed as a
sum of monomial vectors x−k1 · · ·x
−
kn
Ψ for integers k1, k2, . . . , kn satisfying
1 ≤ k1 ≤ k2 ≤ · · · ≤ kn ≤ r.
Proof. It is clear from (2.5).
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3. Generalized Drinfeld Polynomials PΨ(u) for VB
Definition 3.1. Suppose that x−1 is nilpotent of degree r in VB . We define
a polynomial PΨ(u) by
PΨ(u) =
r∑
k=0
λk(−u)
k . (3.1)
Definition 3.2. If polynomial PΨ(u) of VB is factorized as
PΨ(u) =
s∏
k=1
(1− aku)
mk , (3.2)
where a1, a2, . . . , as are distinct, and their multiplicities are given by
m1,m2, . . . ,ms, respectively, then we call aj the evaluation parameters
of highest weight vector Ψ. We denote by a the set of s parameters,
a1, a2, . . . , as.
We note that r is given by the sum: r = m1 + · · · +ms. Let us define
parameters aˆi for i = 1, 2, . . . , r, as follows:
aˆi = ak if m1 +m2 + · · ·+mk−1 < i ≤ m1 + · · ·+mk−1 +mk . (3.3)
Then, the set aˆ = {aˆj |j = 1, 2, . . . , r} corresponds to the set of evaluation
parameters aj with multiplicities mj for j = 1, 2, . . . , r.
4. Generators with parameters
4.1. Loop algebra generators with parameters
Let A be a set of parameters such as {α1, α2, . . . , αm}. We define generators
with m parameters x±m(A) and hm(A) as follows
6:
x±m(A) =
m∑
k=0
(−1)kx±m−k
∑
{i1,...,ik}⊂{1,...,m}
αi1αi2 · · ·αik ,
hm(A) =
m∑
k=0
(−1)khm−k
∑
{i1,...,ik}⊂{1,...,m}
αi1αi2 · · ·αik . (3.4)
In terms of generators with parameters we generalize the defining relations
of the sl2 loop algebra. Let A and B are arbitrary sets of m and n param-
eters, respectively. The operators with parameters satisfy the following:
[x+m(A), x
−
n (B)] = hm+n(A ∪B) , [hm(A), x
±
n (B)] = ±2x
±
m+n(A ∪B) .
(3.5)
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By using the relations (3.5), it is straightforward to show the following:
[x+ℓ (A), (x
−
m(B))
(n)] = (x−m(B))
(n−1)hℓ+m(A ∪B)
−x−ℓ+2m(A ∪B ∪B)(x
−
m(B))
(n−2) ,
[hℓ(A), (x
±
m(B))
(n)] = ±2(x±m(B))
(n−1)x±ℓ+m(A ∪B) . (3.6)
Here the symbol (X)(n) denotes the nth power of operator X divided by
the n factorial, i.e. (X)(n) = X/n! .
Let the symbol α denote a set of m parameters, αj for j = 1, 2, . . . ,m.
We denote by Aj the set of all the parameters except for αj , i.e. Aj = α \
{αj} = {α1, . . . , αj−1, αj+1, . . . , αm}. We introduce the following symbol:
ρ±j (α) = x
±
m−1(Aj) for j = 1, 2, . . . ,m. (3.7)
Here we note the following:
Lemma 4.1. If x−n (A)Ω = 0 for some set of n parameters, A, then we
have x−n+m(A ∪B)Ω = 0 for any set of m parameters, B.
Hereafter, we denote by a⊗mj the set of parameter aj with multiplicity
m, i.e. a⊗mj = {aj , aj, . . . , aj}. Moreover, in the case of m = 1, we write
x±1 (a
⊗1
j ) simply as x
±
1 (aj).
4.2. Borel subalgebra generators with parameters
In the case of the Borel subalgebra U(B), we do not have generator x−0 in
U(B). In order to introduce generators with parameters for U(B), we thus
need some trick.
For a given set of m parameters, αj for j = 1, 2, . . . ,m, we introduce
the extended set of parameters as follows:
α
(n) = α ∪ {0⊗n} . (3.8)
Here we recall that a⊗n denotes the set of a with multiplicity n. We also
introduce the following symbols:
ρ±j (α
(1)) = x±m(A
(1)
j ) for j = 1, 2, . . . ,m. (3.9)
It is easy to show
n∑
j=1
ρ±j (α
(1))∏m
k=1;k 6=j αkj
= x±m+1−n({αn+1, . . . , αm} ∪ {0}) (1 ≤ n ≤ m) .
(3.10)
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It follows inductively on n that x−k for 1 ≤ k ≤ m are expressed in terms
of linear combinations of ρ−j (α
(1)) with 1 ≤ j ≤ m.
The reduction relation (2.4) is expressed as x−r+1(aˆ
(1))Ψ = 0. However,
if we have
x−s+1(a
(1))Ψ = 0 , (3.11)
making use of (3.11), we can express monomial vector x−j1x
−
j2
· · ·x−jnΨ
of any set of positive integers, j1, . . . , jn, as a linear combination of
ρ−k1(a
(1))ρ−k2(a
(1)) · · · ρ−kn(a
(1))Ψ over some sets of integers with 1 ≤
k1, . . . , kn ≤ r.
5. Highest weight representations
5.1. The case of distinct evaluation parameters
Let us discuss the case where all the evaluation parameters aj have mul-
tiplicity 1, i.e. mj = 1 for j = 1, . . . , s. We call it the case of distinct
evaluation parameters. Here we note that s = r. We therefore have
x−s+1(a
(1))Ψ = 0 . (3.12)
Lemma 5.1. If all evaluation parameters aˆj are distinct (mj = 1 for all
j), we have
(
ρ−j (a
(1))
)2
Ψ = 0 . (3.13)
Proof. First, we show
x+0 (ρ
−
j (a
(1)))2Ψ = 0 . (3.14)
From eq. (3.6) we have
x+0 (ρ
−
j (a
(1)))(2)Ψ = x−s (A
(1)
j )hs(A
(1)
j )Ψ− x
−
2s(A
(1)
j ∪ A
(1)
j )Ψ .
We set a0 = 0. In terms of akj = ak − aj , we have
hs(A
(1)
j )Ψ =
s∏
k=0;k 6=j
ajk Ψ ,
and using eq. (3.12) and lemma 4.1 we have
x−2s(A
(1)
j ∪ A
(1)
j )Ψ = aj0
s∏
k=1; 6=j
ajk x
−
s (A
(1)
j )Ψ .
September 11, 2018 9:45 Proceedings Trim Size: 9in x 6in Deguchi-DGMTP05-resub-cr
8
We thus obtain eq. (3.14). Secondly, we apply (x+0 )
(r−1)(x−1 (aj))
(r−1) to
(ρ−j (a
(1)))2Ψ. The product is given by zero since it is out of the sectors of
VΨ due to the fact that (r − 1) + 2 > r and proposition 2.1:
(x+0 )
(r−1)(x−1 (aj))
(r−1) (ρ−j (a
(1)))2Ψ = 0 .
We then show that the left-hand-side is given by
ρ−j (a
(1))2 (x+0 )
(r−1)(x−1 (aj))
(r−1)Ψ =
r∏
k=1;k 6=j
akj × (ρ
−
j (a
(1)))2Ψ .
Here, through induction on n and using Bn of lemma (2.4), we show
[(x+0 )
(n)(x−1 (aj))
(n), ρ−j (a
(1))2]Ψ = 0 (n ≤ r − 1).
Since akj 6= 0 for k 6= j, we obtain eq. (3.13).
Lemma 5.2. Let x−1 be nilpotent of degree r in VB. In the sector of h0 =
d0 − 2n for an integer n with 0 ≤ n ≤ r, every vector vn is written as
vn =
∑
1≤j1<···<jn≤s
Cj1,··· ,jn
n∏
t=1
ρ−jt(a
(1))Ψ . (3.15)
Suppose that λr 6= 0. Then, if vn is zero, all the coefficients Cj1,··· ,jn in
(3.15) are given by zero.
Proof. In terms of ρ−j (a
(1)), any vector in the sector is expressed as a
linear combination of ρ−j1(a
(1)) · · · ρ−jn(a
(1))Ψ. From lemma 5.1 we may
assume 1 ≤ j1 < · · · < jn ≤ s. For a set of integers with 1 ≤ i1, . . . , in ≤ s,
multiplying both sides of eq. (3.15) with ρ+i1(a
(1)) · · · ρ+in(a
(1)), we have
ρ+i1(a
(1)) · · · ρ+in(a
(1))vn = Ci1,··· ,in
n∏
t=1
s∏
k=0;k 6=it
a2itk × Ψ
Therefore, if vn = 0, all the coefficients Cj1,··· ,jn are given by zero.
From lemmas 5.1, 5.2 and proposition 2.1 we have the following:
Prop 5.1. If evaluation parameters aˆj of Ψ are distinct, the set of vectors∏n
t=1 ρ
−
jt
(a(1))Ψ for 1 ≤ j1 < · · · < jn ≤ s gives a basis of the sector of
h0 = d0 − 2n in VB.
Theorem 5.1. Let VB denotes the finite-dimensional representation of
U(B) generated by a highest weight vector Ψ. If x−1 is nilpotent of degree
r in VB and Ψ has distinct and nonzero evaluation parameters a1, . . . , ar,
then VB is irreducible.
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Proof. We show that every nonzero vector of VB has such an element of
the loop algebra that maps it to Ψ. Suppose that there is a nonzero vector
vn in the sector of h0 = d0 − 2n that has no such element. Then, we have
x+k1 · · ·x
+
kn
vn = 0 (3.16)
for all monomial elements x+k1 · · ·x
+
kn
. Here vn is expressed in terms of the
basis vectors ρ−j1(a
(1)) · · · ρ−jn(a
(1))Ψ with coefficients Cj1,...,jn and 1 ≤ j1 <
· · · < jn ≤ s, as in (3.15). Then, by the same argument as in lemma 5.2
we show that all the coefficients Cj1,...,jn vanish. However, this contradicts
with the assumption that vn is nonzero. It therefore follows that vn has
such an element that maps it to Ψ. We thus obtain the theorem.
5.2. The case of degenerate evaluation parameters
Let us discuss a general criteria for a finite-dimensional highest weight
representation to be irreducible.
Theorem 5.2. Recall that VB is a finite-dimensional representation of the
Borel subalgebra U(B) generated by a highest weight vector Ψ that has eval-
uation parameters aj with multiplicities mj for j = 1, 2, . . . , s. Suppose
that x−1 is nilpotent of degree r and the evaluation parameters are nonzero,
i.e. a1a2 · · ·as 6= 0. We also recall that a denotes the set of evaluation
parameters: a = {a1, a2, . . . , as}. Then, VB is irreducible if and only if
x−s+1(a
(1))Ψ = 0.
We prove it by generalizing the proof of theorem 5.1 (cf. Ref. 6).
Theorem 5.2 plays an important role when we discuss the spectral de-
generacy of the twisted XXZ spin chain at roots of unity associated with
the Borel subalgebra U(B) of the sl2 loop algebra. Here the spin chain
satisfies the twisted boundary conditions. We show in some sectors that
a regular Bethe ansatz eigenvector |R; Φ〉 is a highest weight vector of the
Borel subalgebra U(B) for some twist angle Φ 5,8. It is nontrivial whether
the highest weight representation VB generated by |R; Φ〉 is irreducible or
not. Suppose that x−1 is nilpotent of degree r in VB, |R; Φ〉 has nonzero
evaluation parameters aj with multiplicities mj for j = 1, 2, . . . , s, where
m1 + · · ·+ms = r, and we have the following relation:
x−s+1(a
(1)) |R; Φ〉 = 0 , (3.17)
where a denotes the set of evaluation parameters a1, a2, . . . , as. Then, it
follows from theorem 5.2 that VB is irreducible, and the degenerate multi-
plicity of |R; Φ〉 is given by (m1 + 1)(m2 + 1) · · · (ms + 1).
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